ABSTRACT In the research of multi-agent systems (MASs), structurally balanced networks (SBNs) have been widely used to explain the cooperation and competition between agents. At present, most of the research focuses on the model over SBNs with deterministic information channels. The highlight of this paper is to examine leader-follower tracking of general linear MASs over random SBNs, in which the existence of information channel between agents at each time instant is probabilistic and independent of other channels. By describing the random interaction process by the products of sub-stochastic matrices, a sufficient condition is established even with a strictly unstable system matrix, and the upper bound of eigenvalue modules closely related to the stability of the system matrix is further given. The observed leaderfollower tracking performance over SBNs is verified by simulation experiments.
I. INTRODUCTION
Recent decades it has been a dramatic increase in the research of distributed coordination of MASs motivated by its extensive range of applications such as formation control [1] , flocking and swarming [2] , [3] . MASs also bring new ideas for the study of opinion dynamics [4] , [5] , and give rigorous mathematical analysis of some phenomena in social networks, such as convergence of opinion, opinion consensus, polarization, etc. Consensus is a widely accepted basic paradigm for studying MASs, and it refers that the agents update their states through the information exchange with the neighbors in order to achieve the same specific parameters, such as altitude, position, velocity and so on. When there is a leader in the system, consensus is also called leader-follower tracking. Consensus and leader-follower tracking of MASs have been extensively studied in the references [6] - [18] so far. It is worth mentioning that the synchronization problem of complex dynamic networks, which is closely related to multi-agent consensus problem, has also received a lot
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of research, such as neural networks [19] and sensor networks [20] .
It is worthy of note that in the consensus results of MASs mentioned above, cooperation is the only relationship between agents. Nevertheless, it is an indisputable fact that the coexistence of cooperation and hostility among individuals is common in most practical networks. For example, Altafini pointed out in [21] that under suitable conditions, the individuals in cooperation-competition social networks will achieve an ''agreed divergence'' (hereinafter referred to as bipartite consensus), in which case, the states of all individuals will converge to a value, which is the same in all modules, but different in symbols. In many systems describing the antagonism of bimodal alliances, it is common for such social polarization characterized by opposite ''opinions'', such as bipartisan political systems, teams opposed in sports competitions, competitive commercial cartels, duopoly markets, competitive international alliances, etc. Therefore, it is very interesting and meaningful to study consensus behavior and leader-follower tracking behavior of MASs with both cooperation and competition. To date, SBNs have been widely used to characterize the cooperation and competition among agents. In SBNs, agents are divided into two subgroups, in which the connections between agents within the same subgroup and those belonging to different subgroups represent cooperation and competition, respectively. The consensus problem of first-order MASs over SBNs was discussed in [22] . An adaptive finite-time consensus problem for second-order MASs over SBNs was concerned in [23] . Qin et al. [24] investigated the consensus for generic linear MASs with input saturation over SBNs. In addition, the leader-follower tracking phenomenon with measurement noise over SBNs was discussed in [25] . A nonlinear leaderfollower tracking model under SBNs was proposed in [26] . The leader-follower tracking problem of general linear MASs over SBNs was explored in [27] , [28] .
What I have to mention is that all the above references on multi-agent consensus and leader-follower tracking consider deterministic networks, where the communication links among agents are not interrupted by external interference. In fact, due to random fading and congestion, the quality of wireless communication channels in the real networks usually changes with time, which makes the communication networks change with time. Naturally, the consensus and leader-follower tracking of MASs in random networks has more extensive practical applications. Some existing literatures [29] - [31] have obtained valuable results of multiagent consensus and leader-follower tracking over random fully cooperative networks. However, as far as we know, there are few literatures on multi-agent random networks with both cooperation and competition. Inspired by this fact, the main purpose of this paper is to solve the multi-agent leader-follower tracking problem on random SBNs with both cooperation and competition, in which the existence of information channel between agents at each time instant is probabilistic and independent of other channels.
Compared to deterministic SBNs (see, e.g., [22] - [28] ) in which the corresponding Laplacian matrices are fixed, the Laplacian matrices corresponding to the random SBNs are time-varying with time. In general, the dynamic behavior of random SBNs is more challenging than that of deterministic SBNs. To overcome this challenge, the random interaction event is first transformed into a deterministic event equivalently, i.e. the convergence of the products of infinite sub-stochastic matrices, and then the convergence is analyzed through the properties of sub-stochastic matrix. Finally, a sufficient condition for leader-follower tracking is established even with a strictly unstable system matrix, and the upper bound of eigenvalue modules closely related to the stability of the system matrix is further given.
The structure of this paper is divided into five sections, including Introduction section. The rest of this paper is organized as follows. Section II introduces some preliminary knowledge about matrix and graph needed in this paper. Section III presents the problem statement. In Section IV, we analyze the leader-follower tracking behavior over random SBNs in detail. Section V provides a simulation example to show the effectiveness of the proposed random model. The paper is concluded in Section VI. 
II. PRELIMINARIES
Below we introduce the definition of sub-stochastic matrix and some lemmas that are crucial in establishing our result.
Definition 1 [32] : [33] : Consider an n × n real matrix M with the spectral radius ρ. There exists a positive number ς such that [35] : For matrices A, B, C, and D with compatible dimensions, one can obtain 1)
A represent the node set, the edge set and the adjacency matrix, respectively. The existence of an edge from node i to node j = i, denoted by (j, i), is determined randomly and independently of other edges with probability p ij ∈ [0, 1]. Denote the probability matrix by P = [p ij ] in which w ii = 0 for any i = 1, 2, . . . , n. In addition, the weight matrix is denoted by W = [w ij ], where w ij = 0 if (j, i) ∈ E , and otherwise, w ij = 0. The adjacency matrix A is a random matrix in which all diagonal elements are zeros and the off-diagonal elements satisfy:
a ij = w ij with probability p ij 0 with probability 1 − p ij for i = j. Similarly, the random degree matrix is denoted by
Since the edges in G are independent random variables, the expected value of the Laplacian matrix, say,
may be defined entrywise bŷ
A directed path from node i 0 to node i r in digraph G is described by i 0 → i 1 → · · · → i r , in which there are no duplicate nodes. Let d(i, j) denote the distance from node i to node j, which is the number of edges along the shortest path from node i to node j. Digraph G is said to contain a directed spanning tree rooted at the node i if for each node j = i, there is a path from node i to node j. By referring to the literature [34] , we present the definition of random SBNs below.
Definition 2: A random digraph G is structurally balanced if there are two non-empty node subsets V 1 , V 2 without common nodes such that the weight matrix satisfies: 1) if node i and node j belong to the same subset and (i, j) ∈ E , then w ji > 0; and if node i and node j belong to different subsets and (i, j) ∈ E , then w ji < 0.
III. PROBLEM STATEMENT
Consider a leader (labelled by n) and n−1 followers (labelled by 1, 2, . . . , n − 1), in which the leader is a stubborn agent who does not need to receive the information from other agents. The information interactions among the agents are described by a random SBN G . If agent i can receive cooperative (competitive) information from agent j, then w ij > 0 (w ij < 0). In the discrete-time setting, let Q = {kτ : k ∈ N} be the set of discrete time instants, in which τ > 0 is the fixed update step-size. Each agent i holds a value
where
is the control input of agent i at time instant kτ , A ∈ R p×p is the system matrix, and B ∈ R p×q is the input matrix in which the number of columns is greater than the number of rows. At each time instant kτ , each edge appears or does not appear with a probability. For convenience, let G k = {V , E k , A k } describe the information interactions at time instant kτ . For each agent i, we design the following distributed controller:
where K is given feedback gain matrix, and N i,k denotes the set of agent i's neighbors at kτ .
IV. MAIN RESULT
In this section, the products of sub-stochastic matrices are used to analyze the system convergence and obtain a sufficient condition for leader-follower tracking over SBNs. Without loss of generality, assume that
Denote the error vector by
in which
Substituting controller (3) into system (1), then the following error system can be derived
in which L k is the Laplacian matrix of digraph G k . As in [36] , the following assumption on the input matrix B is made.
Assumption 1: The input matrix B is of full row rank. Remark 1: Although there is no assumption in the literature [37] , [38] that the input matrix B has full row rank, the system matrix A needs to be neutrally stable in order to ensure the stability of error system (4) , that is, the eigenvalue modules of A are less than or equal to 1. Different from the asymptotic convergence results in [37] , [38] , based on the full-row rank assumption on B, this paper theoretically proves that the stability of error system (4) can still be guaranteed even if the system matrix A is strictly unstable.
Under Assumption 1, choose K = δB T (BB T ) −1 A, where δ > 0 is a constant. Thus, error system (4) can be equivalently written in the following form:
Our main objective below is to solve the convergence of error system (5), which is equivalent to prove
To proceeding, we first give two lemmas that are crucial for deriving the main result.
Lemma 3: If the expected graphĜ = {V ,Ê ,Â } contains a directed spanning tree T rooted at the leader, then there exist a series of continuous, non-empty, uniformly bounded time intervals [s r τ, s r+1 τ ), r ∈ N, starting at s 0 = 0, such that the union of digraphs G s r , G s r +1 , . . . , G s r+1 −1 contains the spanning tree T .
Proof: Let E (T ) be the edge set of T . For each edge (i, j) ∈ E (T ), we have
Which means that at each time instant kτ , the correlated digraph G k contains edge (i, j) with probability p ji . It is assumed that the number of digraphs G k , k ∈ N containing the edge (i, j) is equal to k 0 . Then the frequency of existence of edge (i, j) is equal to k 0 k in k repeated tests. According to a known fact that the frequency of an event is always close to the probability of the event when the same experiment is repeated in large numbers, one knows that 
where γ = min{δ|l ij |, 1 − δl ii : (j, i), i, j = 1, . . . , n are the edges in spanning tree T }, σ = max{d(n, i) : i = 1, 2, . . . , n − 1}, and ξ is the maximum number of time instants in intervals [s r τ, s r+1 τ ), r ∈ N.
Proof: (1) can be written an error system (5), in which the time-varying coefficient matrix k is nonnegative and contains positive diagonal elements. In addition, the row sums of k satisfy:
By Definition 1, one knows that k is a time-varying sub-stochastic matrix, which also means 0 < γ < 1. From Lemma 3, we know that the union of digraphs G s r , G s r +1 , . . . , G s r+1 −1 contains the directed spanning tree T if the expected graphĜ contains a directed spanning tree T . For each follower i z , the path from the leader n to i z in T is described as n → i 1 
Firstly, we analyze the time interval [s r τ, s r+1 τ ). Since the union of digraphs G s r , G s r +1 , . . . , G s r+1 −1 contains the directed spanning tree T , there exists a time instant q r τ ∈ [s r τ, s r+1 τ ) such that (n, i 1 ) ∈ E q r . This means i 1 
By combining (8) and (9) 
Since z is the length of the path from the leader n to follower i z , we have z ≤ σ . It thus follows that 
According to the arbitrary selectivity of i z in the set {1, 2, . . . , n − 1}, we have s r+σ −1 w=s r w ∞ ≤ 1 − γ σ ξ . Now we state a sufficient condition for leader-follower tracking over a random SBN G .
Theorem 1: Let the input matrix B satisfy Assumption 1. Using system (1) with protocol (2) over a random SBN G , if the expected graphĜ contains a directed spanning tree rooted at the leader, then there exists a feedback matrix
the leader-following tracking in expectation can be achieved, i.e.,
where the system matrix A can be strictly unstable and its eigenvalues λ 1 , λ 2 , . . . , λ p satisfy:
Proof: We first divide all time instants kτ , k ∈ N into an infinite number of uniformly bounded, nonoverlapping time intervals [s 0 τ,
. ., where s 0 = 0. By Lemma 4, one has
From Lemma 1, it is known that there exists a positive number ς such that for any
By condition (12), we have ρ < 1/ σ ξ 1 − γ σ ξ , and then (1 − γ σ ξ )ρ σ ξ < 1. According to the fact that the exponential decay dominates the polynomial increase, the equality in (6) holds. Consequently, it can be derived for error system (5) that
That is, the leaderfollowing tracking in expectation is achieved.
Remark 2: The interaction network among agents is structurally balanced, that is, all agents are divided into two subgroups, in which the agents within each subgroups cooperate with each other while the agents between subgroups compete with each other. In this paper, we consider a bipartite consensus algorithm, which finally realizes that the agents within each subgroup gradually reach the state consensus, while the agents belonging to different subgroups achieve completely hostile states. This bipartite consensus algorithm can be used to explain many practical phenomena in real network systems. For example, mutual friendly or hostile relationships between individuals in a social network may create two opposing groups. In addition, in robot competitions like Robocup, each robot collects information about teammates and opponents and processes the data to make decisions that are consistent with teammates (location, speed, behavior, altitude, etc.). In particular, we choose the system matrix A = I n and the input matrix B = [0, . . . , 0, 1] T , then system (1) is reduced to Altafini model pointed out in [21] , which is used to describe the evolution of individual opinion dynamics in social networks. It has been shown in [21] that all network individuals eventually evolve into two hostile groups, which is consistent with the result of this paper.
Remark 3: In the existing literature [21] - [28] , although consensus and leader-follower consensus of MASs on SBNs with both cooperation and competition have been widely concerned and deeply studied, all of these work focuses on deterministic network communication. In fact, due to random fading and congestion, the quality of wireless communication channels in the real networks usually changes with time, which makes the communication networks change with time. Therefore, it is more interesting and meaningful to study consensus and leader-follower consensus of MASs on random SBNs. Based on this fact, the main contribution of this paper is to extend the leader-follower tracking results on SBNs to a random interaction scenario for the first time. Therefore, the result obtained in this paper is an important supplement of multi-agent dynamic behavior research on SBNs.
V. NUMERICAL EXAMPLE
To illustrate our main conclusion, the results of numerical simulation consisting of six agents (including the leader 6 and the followers 1,2,3,4,5) are shown as follows.
Example 1: The state of each agent i at instant kτ is denoted
The expected graphĜ 1 of the interaction network is shown in Fig. 1 , where ''+'' and ''−'' represent cooperation and competition between agents, respectively, and the absolute value of all edge weights is equal to 0.33. It can be see thatĜ 1 contains a directed spanning tree in which the furthest distance from the leader to the followers is σ = 2. Let each edge be assigned the same probability to exist, p ij = p = 0.4. By randomly generating interaction graph at each time instant kτ with probability p, we obtain a parameter ξ = 3. Choose the parameter δ = 1, and then we have γ = 0.33. The system Obviously, matrix B has full row rank and the system matrix A is strictly unstable and its eigenvalues satisfy |λ i | < 1.0002 = 1/ σ ξ 1−γ σ ξ , i = 1, 2, 3. Finally, the agents' state trajectories are exhibited in Fig. 2, Fig. 3 and Fig. 4 , from which it can be seen that the states of agents 4,5 gradually achieve consensus with the leader, while the states of agents 1,2,3 finally reach a consensus value that is opposed to that of the leader. This is to say, the leader-follower tracking over a random SBN is realized. This paper mainly considers the influence of a single leader on random SBNs dynamics. In fact, the result of this paper can be extended to the case with multiple leaders. Next, we give a simulation example of multi-leader to show the dynamic phenomena of MASs on random SBNs.
Example 2: Consider a case with multiple leaders. The expected graph of the interaction network is shown in Fig. 5 , in which the nodes 5 and 6 denote the leaders and other nodes are the followers, besides, the absolute value of all edge weights is equal to 0.33. Let each edge be assigned the same probability to exist, p ij = p = 0.4. The settings of parameters σ, ξ, δ, γ and matrices A, B are the same as that of Example 1. From the agents' state trajectories in Fig. 6, Fig. 7 and Fig. 8 , we can observe that all followers gradually enter the convex hull formed by the leaders' states x 5 (k), x 6 (k) and the states −x 5 (k), −x 6 (k) with the same size and opposite sign as the leaders, i.e., From the above two simulation examples, it can be seen that when there is only one leader in the system, all followers will be divided into two groups, in which one group of followers will reach consensus with the leader and the other group of followers will eventually achieve a state with the same size and opposite symbol as the leader. When there are multiple leaders in the system, all followers gradually enter the convex hull formed by the leaders' states and the states with the same size and opposite sign as the leaders. Generally, the SBN with single leader is a special case of the SBN with multiple leaders. Therefore, our future work will focus on the dynamic behavior of multi-agent systems over SBNs with multiple leaders. In addition, we will also consider the effect of communication delays on the propagation of state information among agents.
VI. CONCLUSION
The leader-follower tracking problem of general linear MASs over random SBNs has been investigated in this paper. By assuming that the input matrix is row-full rank, the stability of the original random system has been equivalently transformed into a convergence problem of the products of infinite sub-stochastic matrices. Some properties of sub-stochastic matrices have been used to analyze this convergence. Finally, it has been shown that even if the system matrix is strictly unstable, multi-agent leader-follower tracking in expectation under random SBNs can be achieved if the expected graph contains a spanning tree rooted at the leader. In addition, an example of numerical simulation has been used to verify the accuracy of the theoretical result obtained.
